We study the GIT stability of projective varieities, in the language of the discrepancy of singularities, developed along the Mori Program. We give a new geometric numerical invariant of polarised varities, which is directly related to the discrepancy of singularities, whose negativity destabilises the polarised varieties. The special case of this new invariant essentially equals to the invariant which was used in J.Shah's thorough analysis [Sh1], [Sh2] on the stability of the surface singularities. Also the Q-Gorenstein toric case are analysed.
Introduction
Geometric Invariant Theory [Mu1] made the important basis of general moduli theory, in the category of schemes, in particular posing the powerful construction method of moduli schemes regarded as the quotients of bigger moduli of the objects with additional structures, which is easier to construct. For the moduli of sheaves, we take the quotients of the Quot scheme, and for the moduli of projective or polarised varieties, we take the quotient of the Hilbert scheme.
In that process, we should select the good objects, which we call stable: the GIT stability. The problem of understanding stability more geometrically and explicitly is difficult and itself interesting. Now, we will restrict our attention to the GIT stability of polarised varieties.
For the curves, the stability with respect to the Chow polarisation is confirmed combinatorically in [Mu1] for the smooth case. The theory of asymptotic stability which was introduced in [Gi1] , was breakthrough which enabled to establish the stability of the singular (Deligne-Mumford stable) curves [Mu2] , [Gi2] . In [Gi1] itself, the case of canonical surfaces was proved, by tremendous calculations. J.Shah [Sh1] , [Sh2] analysed the surface singularities, and listed up only finite (but many) series of possibilities of singularities, in the asymptotically Chow semistable projective surfaces.
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The stability conditions
In this section, we will briefly recall the basic of the stability conditions which we will analyse in this paper.
Asymptotic stabilities
There are two basic concepts of the asymptotic stabilities of polarised varieties, asymptotic Chow-stability and asymptotic Hilbert-stability. Originally, D.Gieseker [Gi1] introduced the latter which was confirmed for canonical surfaces (i.e.canonically polarised surface with K X ample, and with at worst DuVal singularities). Although, these two notions has been treated differently (cf. [Mu2] , [Gi1] , [Gi2] ), these are proved to be equivalent by T.Mabuchi [Ma] , recently. [Ma] The two notions, asymptotic Chow stability and asymptotic Hilbert stability are equivalent.
((proof of the Theorem))
We prove this along the beautiful idea of [Ma] . The formulation are a little different, but essentially the same proof. We make use of the framework of test configuration, introduced by S.K.Donaldson [Do] .
Recall the bijective correspondence between (very ample) test configuration of (X, L), where L is very ample and 1-parameter subgroup of GL(H 0 (X, L)) (whose essential point is equivariant triviality of equivariant vector bundles on A 1 , same as [Ma] ). From this, we could see the stability conditions from the viewpoints of test configuration [RT1: Theorem(3.9) ] ,which we follow the notation.
The easy side i.e. Asymptotic Chow stability implies asymptotic Hilbert stability, directly follows for example from [RT1: Theorem(3.9) ]. To prove the converse, assume thatw r,k > 0 for all k ≫ r ≫ 0. 
From the assumption,w k,kk ′ is positive. From now on, we are only concerned with asymptotic Chow (resp.Hilbert) semistability. It is well-known that, asymptotic Hilbert-semistability implies asymptotic Chow-semistability (cf. [RT1: Theorem(3.9)] ).
K-stability
The concept of the K-stability originated by G.Tian [Ti2] and generally formulated by S.K.Donaldson [Do] , motivated in seeking the GIT-counterpart of the existence of constant scalar curvature Kähler metric. The positivity of the Donaldson-Futaki invariants measures the stability. We only note that asymptotic Chow (so as Hilbert) semistability implies K-semistability. Consult [Do] , [RT1] , [FR] for the detail.
New Invariants measuring stability
In this section, we prove the main result which leads to the notion of S-coefficient, which is a new invariant measuring the stabilities of the polarized varieties in the language of discrepancy.
We first prepare the notation, which we fix all the way. Notation The notation follows the section 2 of [Mu2] .
• Let (X, L) be a polarised r-dimensional normal projective variety. L is an ample sheaf, or its pull back to some blow-up (or its normalisation).
• Let X denotes X × P 1 , and L denotes ample sheaf π * 1 L ⊗ π * 2 O P 1 (1) or its pull back to some blow up (or its normalisation), or its restriction to open subset X × A 1 .
• A coherent ideal I ⊆ O X is said to be centrally cosupported if the associated closed subscheme is supported set-theoritically in X × 0. We call that the ideal I is of flag type (resp. simple flag type) if it can be written in the form
If X is embedded in some projective space, all the I i corresponds to the intersections of X with some linear subvarieties, I is said to be of linear flag type. (The embeddings are obvious in each context, where we use this terminology. ) We denote i = dim Supp(O X /I) .
There is no confusion, since if both of the "i" appear in the context, I = I ′c + (t) always holds for some natural number c.
• Π : B = Bl I (X ) → X denotes the blowing up of X along I. E denotes the effective Cartier divisor of B associated to Π −1 I. Let t I be the minimum natural number such that the integral closure of I t I is a normal ideal, in the sense of [Va: Def(1.51) ].
On the other hand,Π :B =Bl I (X ) = Bl J (X ) → X denotes the normalisation of the blowing up of X along I, where J is the integral clusure of the ideal I t I ′ (cf. [Va] ).Ẽ denotes the effective Cartier divisor ofB as the pullback of E.
• π : B = Bl I ′ (X) → X denotes the blowing up of X along I ′ . e denotes the effective Cartier divisor of B associated to π −1 I ′ . Let t I ′ be the minimum natural number such that the integral closure of I ′t I ′ is a normal ideal, in the sense of [Va: Def(1.51) ].
On the other hand,π :B =Bl I ′ (X) = Bl J (X) → X denotes the normalisation of the blowing up of X along I ′ and J is the integral clusure of the ideal I ′t I ′ (cf. [Va] ).ẽ denotes the effective Cartier divisor ofB as the pullback of e. Now, we can state the Main theorem. We will explain why this is directly related to the discrepancy of singulaities, in Remark(3.5).
Theorem 3.1 (Main theorem)
Let (X, L) and I, I as above.
Assume that there is a non-zero centrally cosupported coherent ideal
I ⊂ O X such that: (L i .(−Ẽ) r−i .KB) < 0.
Then (X, L) is asymptotically Chow unstable. Furthermore, if J is of flag type, X is K-unstable too.
As for the relation with the theory of slope (cf. [Ro] , [RT1] , [RT2] ), we prove:
Proposition 3.2 Assume that there is a non-zero coherent ideal I
Naturally from the theorem, we can give the definition of S-coefficient as follows.
Definition 3.3 Let X and I, I as above.
The S-coefficient S X (I)(resp.s X (I)) with respect to I(resp.I), is defined as follows:
The positive constant term
is put just for adjusting and not essential at all. [Li] . It might be able to improve this invariant. ((proof of the Theorem)) At first, we set out some conditions and just assigns the alphabets to them. It does not necessarily mean to assume these.
Remark 3.4 Though we have an advantage of s X (I ′ ) that it is written in the words with the same dimension as X, it is unclear whether it is efficient or not, for the existence of the term t I ′ẽ. For the coefficients t I ′ , it is known to be equal to 1 for example X is surface with only rational singularities

Remark 3.5 We should note that the invariants directly reflect the positivity of the discrepancy itself, by the following reason. Assume that X is (normal)
(a) L is very ample without higher cohomologies.
We prove the theorem with four steps.
[Step1: The modified Mumford's formula on Chow weight] Only in this section, we assume (a), (b), (c) and X ⊂ P(H 0 (L)) = P n , embedded by the complete linear system |L| and I denotes an ideal of linear flag type. As in [Mu2:(2.8)], we can take a 1-parameter subgroup of GL(H 0 (P n , O(1))), µ(I) so that I corresponds to it. And denotes λ(I), µ(I) n+1 multiplied by scalar action (of some power of t) , such that it is a 1-parameter subgroup of SL(H 0 (P n , O(1))).
We recall the formula of Chow-weight in a little modified form from [Mu2; Theorem(2.9)], under these assumptions. The sign is changed from the original so that the (Chow) stability corresponds to the positivity.
(proof of the Lemma)
Apply (a), (b), (c) and we obtain the right hand side. Here, nlc means normalised leading coefficient, i.e.
(r + 1)!× the coefficient of
The important point is that the right hand side is written only by the language of ideal and the original polarized variety. Therefore, we can formally define C(X, L; I) as the right hand side of the Lemma, for any centrally cosupported ideal I, X and very ample L satisfying (a), (b), (c).
We should remark that this is a rational number but not necessarily an integer.
[Step2: The extension of the class of ideals via deformation method] Forget the assumption (a), (b), (c) and the notation in the previous step. All the notation just follows the original one (list on the top of this section).
Note that G m naturally acts on X = X × A 1 , by the trivial action on X and natural multiplicative action on A 1 . Using this action, we can associate for any centrally cosupported ideal I, the new centrally cosupported ideal I ′ which is G m -fixed and the corresponding closed subscheme of I is a flat deformation of the corresponding closed subscheme of I ′ , as in section 3 of [Mu2] . We denote the degenerated ideal I ′ . Ofcourse, its integral closureĨ ′ is also G m -fixed. G m -fixed means just that the ideal is of flag type, so considering φ m : X → P(H 0 (X, L m )) defined by the complete linear system for m ≫ 0,Ĩ ′ can be regarded as an ideal of linear flag type. Therefore, for (X, L) to be asymptotically Chow semistable, C(X, L m ; I ′ ) should be non-negative for m ≫ 0. Remark that the lowersemicontinuity of
Therefore, C(X, L m ; I) for all centrally cosupported ideal I should be nonnegative for m ≫ 0, for (X, L) to be asymptotically semistable.
[Step3: Take the power of the normalisation of ideal] On the other hand, we can easily see:
From the definition, the Donaldson-Futaki invariant (cf. [RT1] ) for (X, L m ) with respect to the test configuration (B, L m (−E)), for when I is of flag type, is just the coefficient of a 2r in χ(X, L ma )C(X, L ma ; I a ) as a polynomial of a (with fixed m) multiplied by (r + 1)! m r . Therefore, to prove the theorem, it suffices to show the followings.
is the polynomial of a, m with degree of a (with fixed m) less than or equal to 2r, and the coefficients of a 2r is the polynomial of m with the degree less than or equal to r + i.
Therefore, it is enough to analyze the asymptotic behaviour of C(X, L ma ; I a ) when I is normal (in the sense of [Va] ). In that case, especially B is normal.
As we take I a for a ≫ 0, the condition (d) will be satisfied.
[Step4: Applying weak Riemann-Roch formula]
The asymptotic behaviour of C(X, L ma ; I a ) can be analyzed by the RiemannRoch type formula. The following weak type will be used here.
Lemma 3.8 (weak Riemann-Roch formula)
For r-dimensional normal polarized projective variety (X, L),
where K X denotes the canonical divisor as a Weil divisor.
(proof of the Lemma) It may be well-known. For example, we can derive from the HirzebruchRiemann-Roch theorem and, just applying the next lemma to the resolution of X.
For the following calculation of the intersection numbers, we use also: 
Multiplying the denominator, without changing the sign, continue the calculation;
Recall that what we want to analyze is just when I is normal. We assume the normality of I here. Then, applying the weak Riemann-Roch (Lemma (3.8)),
Here, O(−) is Randau's symbol with respect to (a, m) dictionary order. For (X, L) to be asymptotically semistable, the above quantity should be non-negative for any m, a ≫ 0.
Using the Lemma(3.9), we can see (α), (β) easily. 
((proof of the Proposition))
The K-slope stablity(resp.semistability) for J and 0 < c < ǫ(Supp(O X /J)), where ǫ is the Seshadri constant means that (cf. [La] , [Ro] , [RT1] ):
is positive (resp. non-negative). The left hand side is a polynomial of c which can be divided by c r−i , and the term of order r − i is:
whose coefficients is 2((r − 1)!)t
Remark 3.11 Recall that the (K-)slope inequality with respect to I ′ is just the positivity (resp. non-negativity) of the blowing-up of I ′ + (t).
Therefore, it was shown that (K-)slope unstability implies K-unstability. See [Ro] , [RT1] , [RT2] for the detail.
The comparison with Shah's invariant with ours and the surface case
We compare J.Shah's invariant "a I " which was used to the thorough analysis on the surface singularities, with the i = 0's case of S-coefficients. First recall the definition of "a I ". We assume that the considered local ring or its completion Spec(R) in [Sh1] is associated to a closed point x of a projective variety X, where we consider the asymptotic stability of (X, L). Therefore, Spec(R 1 ) = Spec(R [[t] ]) corresponds to the closed point (x, 0) in X × A 1 .
Definition 4.1 [Sh1; Prop(3.2)] Let I be a centrally cosupported ideal with i = 0. a I is the second leading term of
for a ≫ 0. e(I) is the Hilbert-Samuel multiplicity, whose definition was just by the above formula.
In [Sh1] , J.Shah first analysed essentially the m leading term of C(X, L m ; m) where m is the maximal ideal of R 1 , with respect to m. It deduces that for the multiplicity, mult(R) ≤ (r + 1)! for general r, and for the embedding dimensions in the surfaces case, i.e. r = 2, embdim(R) = mult(R) or embdim(R) = mult(R) + 1, following the methods of Mumford [Mu2] . Then, he defined and used the invariant a I to destabilise most of the surface singularities satisfying the above two conditions, which forms the main parts of the analysis. (He used especially, a kind of ideals determined by associating weights (N-valued) parameters on the embdim(R 1 ) variables. See [Sh1] for the detail. )
The main theorem of this section is: 
((proof of the Theorem))
We proof the theorem, calculating χ(X , O X /I a ) by the presentation resembling the calculation of C(X, L ma ; I a ) in the proof of main theorem, inducing unnecessary parameter m deliberately. For a ≫ 0;
where f denotes the normalisation.
As a I t I = t r I a I and S X (I t I ) = t r I S X (I), we can and do assume that t I = 1. Then from the above inequality,
Recall that a I is the coefficient of the second leading term (whose order is r) of the left hand side and, S X (I) is the second leading coefficient (with same order) of the right hand side, multiplied by (r + 1)(L r ). This ends the proof. 
A The toric case
Now, we will analyse the case of the normal toric projective varieties. Though it is not necessary logically, recall that: Proposition A.1 Normal Q-Gorenstein toric variety has at worst log-terminal singularities.
For proof, see for example the survey [Da] . Therefore it might be expected that all the toric case might not be destablized by our invariant.
Proposition A.2 If X is a normal Q-Gorenstein toric variety, S X (I) is always positive, for any centrally cosupported ideal I which is invariant under the torus action.
((proof of the Proposition)) Follow the notation of [Od] . Let X = T N emb (△) . Since this is assumed to be Q-Gorenstein, the set D 1 of prime integral vectors forming the fan △ lies on a hyperplane H in N R = N ⊗ R. Note that X = X × A 1 = T N⊕Z emb(△ × R ≥0 ) and the normalisation of blow up along this idealB are also toric varieties, acted by T N × G m , which allows us a purely combinatorical description.
Π :B =Bl I (X ) → X corresponds to the subdivision of fan △ ′ → △ × R ≥0 . Let l be the linear function on N R taking (−1) at the points on D 1 × {0} and a vector ( 0, 1). Then, for each of the dividing lines l i with prime integral vectors p i just correspond to exceptional divisors E i . With this notation, we can easily see the discrepancy: a i = −1 − l(p i ).
Since p i does not belong to the same side as 0, looking from the hyperplane which is spanned by D 1 × {0}, and ( 0, 1), a i is positive.
